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ELMERisasoftwarepackagefor solvingPartialDif ferentialEquations(PDEs)
by Finite ElementMethod(FEM). ELMER hasbeendevelopedat CSCin
collaborationwith TechnicalResearchCenterof Finland (VTT), Helsinki
Universityof TechnologyandUniversityof Jyväskylä.

In this articlewe presenta casestudyof a new featureincludedin ELMER,
vibroacoustics.Vibroacousticproblemconsistsof solvingthenaturalvibra-
tion modesof elasticbodies,andthepressurewavesgeneratedby thevibra-
tion.

Examplesof vibratingelasticbodiesarea guitarstringor a tuningfork; you
can propablycomeup with betterexamplesyourself. The computational
domainfor thepressurewavesis usuallytheair surroundingtheelasticbody.
Othersolidbodies,if present,will scatterthepressurewaves.

We will go throughanexamplestepby step.We will first presentthemath-
ematicalmodel, createthe elementmesh,definematerialparametersand
boundaryconditionsandfinally solve thesystemandvisualizetheresults.

The mathematical model for vibroacoustic problems

Thelinearizeddynamicalequationsfor elasticbodies,withoutexternalforces
canbewrittenas
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Here
� 	 and � are the first andsecondLaméparametersrespectively. The
Laméparametersaredirectly relatedto themorecommonlyavailablemate-
rial parameterselasticmodulusE andPoissonratio � :

	�� E �
(1 �� )(1 � 2� )

, ��� E

2(1 �� )
. (3)

Fourier transformof the elasticity equationswith respectto time variable
gives

�
� 2� U �

�����
(U) � 0, (4)

which, by standardfinite elementmethodology, may be written in matrix
form as

KU � � 2MU , (5)

wherethe K and M arethe stiffnessandmassmatricesrespectively. This
equationmaybeconsideredasa generalizedeigenvalueproblem,giving the
naturalvibrationmodesof theelasticbody.

Thewaveequation
1

c2

� 2 p�
t2
� � 2 p, (6)

describespressurewavesin theair. Thepressureanddensityvariationsand
air speedareconsideredsosmallthatdissipativeeffectsandconvectivetrans-
portof momentummaybeneglegted.Theparameterc is thespeedof sound.
TheFouriertransformof thewaveequationis calledtheHelmholtzequation:

� k2P �
� 2P � 0, (7)

wherethe wave numberk is givenby k � ��� c. With a linear materiallaw
thewholeequationis linearandno dispersionof harmoniccomponentswill
occur. It is thenpossibleto computetheresponseto any signal,for example
theresponseto vibrationof anelasticbody, oneFouriercomponentata time.

To completethe systemwe needboundaryconditions. In our examplethe
elasticbodyis atuningfork fixedatthebottomof thegrip. For theHelmholtz
equationwewill needthreekindsof boundaryconditions.Thefirst boundary
conditionis at the boundarybetweenthe vibrating body andthe air, where
wehave to specifyaccelerationof thebody:

�
P
�
n � � � 2U

�
n, (8)

where� is thedensityof air. Thesecondboundaryconditionis at thebound-
arybetweenthesolid bodiesandtheair:

�
P
�
n � 0, (9)
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describing
�

reflectionof thepressurewavesfrom solid walls. Thelastbound-
ary conditionwe will useis thesocalledSommerfeldtor far field boundary
condition,whichapproximatesthecontinuationof thephysicaldomainfrom
wherewehave to cut thecomputationalmesh:

�
P
�
n �
� i kP. (10)

In time domainthis equationis

�
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t

. (11)

The sign of the time derivative term on the right representsincoming and
outgoingwavesrespectively.

Setting up the computation: mesh generation, material parameters and
boundary conditions

The ELMER packagehasa graphicalinterfacecalledELMER Front. This
programis usedasa tool to describethe computationalproblem. Defining
thegeometry, generatingthecomputationalmesh,selectingtheequationsto
besolved,settingthe materialparametersandboundaryconditionsmay all
bedonethroughELMER Front.

ELMER Front hasits own simple2D geometryinput format which will be
usedin this example.In addition,ELMER Frontcanreadsomeof themost
commongeometryformatsexportedby variousCAD programs.Evenpre-
definedmeshesmay be importedto ELMER Front for boundarycondition
settingsandconversionto ELMER Solver format.

Thegeometryandthecomputationalmeshof our exampleareshown in fig-
ure1. Figure2 showstheELMER Frontpanelwherewedefinemeshparam-
eters,suchasmeshdensityandelementtypes. For the elasticityequations
it is alwaysa goodideato usehigherorderelementsthanlinear, andsowe
haveselectedquadraticelements.

Figure3 shows how to setboundaryconditions,in this casethe boundary
conditionsfor fixing thebottomof thevibratingtuningfork.

The Solution of the equations

ELMER Solver discretizesthe equationsby Finite ElementMethod, and
solvesthe resultinglinear or nonlinearsystems,providing input for further
analysisandvisualizationof the results. In addition to the equationsused
in this example,ELMER Solver may solve several othersetsof equations:
theNavier-Stokesequationsin bothcompressibleandincompressibleforms,
magneticinductionequation,heatequationincludingdiffusegrayradiation,
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Figure 1: Meshandgeometryof thetuningfork andtheair.

Figure 2: Meshparametersettingpanelof ELMER Front.
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Figure 3: Boundaryconditionsettingpanelof ELMER Front.

andnonlinearelasticityandwave equationsalsoin thetime domain.A gen-
eral advection-diffusion-reactionequationfor scalarvariablesis alsoavail-
able. Any combinationof theseequationswith variousinterdependencies
maybesolvedat thesametime. Thesolver is alsoeasilyextensible,sothat
usermaydefinehis/herown setsof equations.

Herewewill computethesecondlowestnaturalvibrationmodeof thetuning
fork, anduseit asinput for theHelmholtzequationsolver.

In thisexample,thelinearequationsystemfrom theHelmholtzequationwas
solvedby iterativesolutionmethod(BiCGStab)usingincompleteLU factor-
ization(ILU(T)) asapreconditioner.

Thegeneralizedeigenvalueproblem,for thestructuralvibrationmodes,was
solvedusingtheARPACK packagedevolopedat theDepartmentof Compu-
tationalandApplied MathematicsatRiceUniversity, Texas.

Visualizing the results

ELMER Solveroutputis a largetext file of tabularizednumbers.In thiscase
thenumbersarethevibrationamplitudesof materialpointsof thetuningfork,
andcoefficientsof theFouriercomponentsof pressurefor eachof thenatural
frequencies.

ELMER Postmay be usedto display the resultsin a moreunderstandable
form. ELMER Postcandisplay, for example,thedeformedgeometryof the
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Figure 4: Thevibrationmodeshapeof thetuningfork.

Figure 5: Energy densityof thepressurefield.

elasticbody. It mayalsobeusedto computethetimevariationof thepressure
field,

P(t) � Re(P)cos(� t) � Im(P)sin( � t), (12)

anddisplaythe time evolution asananimation.Thevibrationof theelastic
bodymaybedisplayedin thesamemanner.

Figure4 shows thevibrationmodeshapeof thetuningfork. Figure5 is the
energy densitycontainedin the pressurefield at this particularfrequency.
Figure6 shows thepressurefield atoneinstance.

Additional information

The ELMER packageis availablefrom CSC;for moreinformationcontact
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Figure 6: Thepressurefield.

theauthors.For academicusethepackageis providedwithoutcharge.

Also checkoutourwebpagesfrom:

http://www.csc.fi/elmer/

InformationaboutARPACK is availablefrom

http://www.caam.rice.edu/software/ARPACK


